A NEW GENERALIZATION OF SOME INTEGRAL 
INEQUALITIES FOR (a,m)-CONVEX FUNCTIONS 
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Abstract. In this paper, we derive new estimates for the remainder term of 
the midpoint, trapezoid, and Simpson formulae for functions whose derivatives 
in absolute value at certain power are (a, m)— convex. 



1. Introduction 

Let / :/ CM— >Mbea convex function defined on the interval / of real numbers 
and a, & e / with a < b. The following double inequality is well known in the 
literature as Hermite-Hadamard integral inequality 

a 

The class of (a, to)— convex functions was first introduced In [2], and it is defined 
as follows: 

The function / : [0, 6] M, & > 0, is said to be (a, m)-convex where (a, to) e 
[0,1] , if we have/ 

{tx + to(1 - t)y) < ef{x) + to(1 - nf{y) 
for all x,y € [0, b] and t £ [0, 1]. 

It can be easily that for (a, m) G {(0, 0), (a, 0), (1, 0), (1, to), (I, I), (a, I)} one 
obtains the following classes of functions: increasing, a-starshaped, starshaped, 
TO-convex, convex, a-convex. 

Denote by K^{b) the set of all (a, TO)-convex functions on [0, b] for which /(O) < 
0. For recent results and generalizations concerning (a, m)-convex functions (see 

[Dl El SI El [10]). 

In [To], Set et al. proved the following Hadamard type inequality for (a,TO)- 
convex functions: 

Theorem 1. Let f : [0, oo) M. be an {a ^m)- convex function with {a,m) e (0, 1]^ . 
IfO<a<b<oo and f £ L[a, b], then one has the inequality: 

(1.2) ^ //(.)..< n.in^(")-^-^(^),^(^^+-^(^) I . 
^ ' b-aj •'^ ^ - ] a + l a + 1 \ 
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The following inequality is well known in the literature as Simpson's inequality . 
Let / : [a, 6] — > R be a four times continuously difFerentiable mapping on (a, b) 
and 11/^*'' II — sup |/^'*''(2^)| < Then the following inequality holds: 



f{x)dx 



< 



2880 



f(4) 



In recent years many authors have studied error estimations for Simpson's 
inequality; for refinements, counterparts, generalizations and new Simpson's type 
inequalities, see [SI [Zl IE IH] • 

In this paper, in order to provide a unified approach to establish midpoint in- 
equality, trapezoid inequality and Simpson's inequality for functions whose deriva- 
tives in absolute value at certain power are (a, to) -convex, we derive a general 
integral identity for convex functions. 



2. Main results 

In order to generalize the classical Trapezoid, midpoint and Simpson type in- 
equalities and prove them, we need the following Lemma: 

Lemma 1. Let f : I <Z R ^ R be a differ entiable mapping on 1° such that f £ 
L[a, b], where a,b d I with a < b, A, /i G [0, 1] and m G (0, 1] . Then the following 
equality holds: 



(2.1) A {^lf{a) + f{mb)) + (1 - A) /(^a + m{l~y.)b) 



1 



rah 



mb — a 



f{x)dx 



{mb — a) 



[-t + A (1 - n)] f {ta + to(1 - t)b) dt 



I 



+ / h< + (1 - aX)] f {ta + to(1 - t)b) dt 



A simple proof of the equality can be done by performing an integration by parts 
in the integrals from the right side and changing the variable. The details are left 
to the interested reader. 



Theorem 2. Let / : / C [0, oo) — >■ K &e a differentiate mapping on L° such that 
f e L[a,b], where a,b ^ 1° with a < b and A,/i G [0,1]. // |/'|' is {a, m) — convex 



on 



INTEGRAL INEQUALITIES 

l2 



[a, h], for (a, m) G (0, 1] , mb > a, q> 1, then the following inequality holds: 



mb 



(2.2) A (M/(a) + f{mh)) + (1 - A) /(/za + m (1 - /z) 6) - — ^ / f{x)dx 

mo — a J 



< < 



where 



{mb - a) l^^"' ('^3 If'iar + m6, |/'(5)|') ' 

+4"' (/3i|/'(a)r + m/32|/'Wn'} 
(m6 - a) l^l" ' (5i I/' (a)!" + mS2 l/'^D ' 

+erM/3i !/'(«) I" + "^/32l/'(&)l') ' 



(m6-a)|e2 ' ((Js |/'(a)|^ + m,54 |/'(6)|^ 
+4"'(^3l/'(«)l'+m/34l/'(6)n' 



A (1 - /x) < < 1 - Ayu 



A* < A (1 — /i) < 1 — A/Lt , 



X{1- H) <1- XlJ< IJ, 



M'^ 2 
£l = + A(l - £2 = [A(l - /U)] - £l, 



£3 = (1-Am)'-(1-A/x)(1 + /x) + 1±^, 

£4 = i^-(l-A/.)(l-/.), 



Si = 



A (1 - At) 



a+1 a+2 

2 



^2 = A(l - m)m - Y - "^i 



<53 = 



2 [A (1-/7,)]"+' A(1-m)m"+' 



(a + 1) (a + 2) a + 1 a + 2' 



^4 = [a(i-m)]'-Am(i-m) + Y-^3, 



^ 2(1-Am)°+^ (1-A/x)(1 + m"+^) 1 + m"+' 
(a + 1) (a + 2) a + 1 a + 2 ' 

/32 = (1-Am)'-(1-Am)(1 + m) + ^^-^i, 

1 _ /y"+2 1 _ ,,"+1 

a + / a + 1 



/34 = (1 - Am) (m - 1) + 
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Proof. From Lemma [T] and using the properties of modulus and the weU known 
power mean inequahty, we have 



rab 



A (M/(a) + (1 - Ai) /(m&)) + (1 - A) /(/ia + m (1 - /.) b) 



1 



rab — a 



f{x)dx 



< [nib ~ a) 



\-t + A (1 - ^)| I/' {ta + m(l - <)6)| dt 



+ / \-t+{l-a\)\ I/' (ta + to(1 - dt 



< {mb~ a) {\ j \-t + \{l- n)\dt\ {j\-t + \{\-^i)\\f'{ta + m{l-t)b)\''dt 



(2.3) 



+ / |-t+(l-A/i)|dt 



|-t + (1 - A^i)! I/' (ta + m(l - t)6)|'^ dt 

/ \ 

Since |/'|'' is (a, m)— convex on [a, 6], we know that for t G [0, 1] 

I/' (ta + m(l - t)6)r < |/'(a)r + m{l - t") |/'(6)r 
hence, by simple computation 



(2.4) 



j |-t + A(l-/^)|(tt= I 



£1, M < A(l — /i) 
£2, M>A(1-^) ' 



(2.5) 



|-t+(l-AAi)|dt 



£4, > 1 — A/i 



(2.6) 



|-t + A(l I/' (ta + m(l -t)5)|'dt 



< y i-t + A (1 - /i)i [t" i/'(a)r + m(i - n i/'(6)r] dt 



" <5i|/'(a)|^ + m<52|/'(6)r, < A(l - ^i) 
<53|/'(a)r + m54|/'(6)r, ^ > A(l - ' 



and 
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\-t + (1 - Xfi)\ \f {ta + m(l - dt 



< 



\-t + (1 - Am)| [t^ |/'(a)r + m(l - t") I/' (6)1"] 

/3i|/'(a)|« + m/?2|/'(5)|«, < 1 - A^i 
/33|/'(a)|« + m/?4|/'(5)|', Ai>l-AM ' 



(2.7) 



Thus, using ([2^ - ([2?7|) in ([23|) . we obtain the inequaUty (|2?2|) . This completes the 
proof. □ 

Corollary 1. Under the assumptions of Theorem\^ with q — 1 



nib 



A Uif{a) + f{mb)) + (1 - A) f{fia + m{l-^i)b) 



1 



f{x)dx 



mb — a 

{mb - a) {(,53 + /3i) |/'(a)| + rn (^4 + /32) |/'(6)|} , A (1 - /i) < ^ < 1 - A/i 
< <f (m6-a){(,5i+/3i)l/'(a)l+m(52+/32)l/'(&)|}, M < A (1 - m) < 1 - 

(TO6-a){(53 + /33)l/'(a)l+™(^4 + /34)l/'(&)|}, A (1 - /i) < 1 - A^i < /i 



Remark 1. In Corollary [Jl (i) If we choose /i = i A = and a ~ 1, 



have 



f{a)+Af\^±^\+f{mb) 



mb 



< ^imb-a){\r{a)\+m\nb)\} 



mb - 



f{x)dx 



which is the same of the Simpson type inequality in '6', Corollary 2.3 (ii)] 
(ii) If we choose fi — ^, A = 1 and a — 1, we have 



f{a) + f{mb) 



mb 



1 



mb — a 



f{x)da 



< ^-^^^\^{\na)\+m\nb)\} 

which is the same of the trapezoid type inequality in [6] Corollary 2.3 (i)]. 
(Hi) If we choose fi = ■^j A = and a = 1, we have 



mb 



1 



mb 



mb — a 



f{x)dx 



< ^^^^{|.f'(a)|+™|/'(6)|}. 
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Corollary 2. Under the assumptions of Theorem[B with = h '^'^'^ ^ = \) 



we 



have 



fia)+Af[^±^]+fimb) 



mb 



1 



mb — a 



f{x)dx 



where 



and 



< imb-a)[^] ' }fs;\r{a)\'' + m(^-S;]\rib)\'' 



+ (/3l|/'(a)r + m(--/3t)|/'(6)r 



^ 2 + 3"+i (2« + 1) 
3 6"+2(a + l)(a + 2) 

2 X 5"+2 + 6"+i (a - 4) - 3"+^ (2a + 7) 



/3t = 



6"+2(a + l)(a + 2) 

Remark 2. Jn Corollary\^ if we take a = m ~ I, we obtain the following inequality 



fia) +4/(^1+ fib) 



1 



29 

1296 



29 



b — a 
61 



1296 



f{x)dx 

i/'(«)r 



V1296 



i/'(5)r+^i/'(«)r 



which is the same of the inequality in Theorem 10] for s = 1 . 

Corollary 3. Under the assumptions of Theorem\^with fJ- — and \ = 1, we have 



f{a) + f{mb) 



1 

mb — a 



mb 



f{x)dx 



< (mb — a) 



2^+^ {a + 1) {a + 2) + " 2"+^ + i) + 2) ^ 



2"+2(a + l)(a + 2) " ' " 2"+2 (a + 1) (a + 2) 
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Corollary 4. Under the assumptions of Theorem[B with H = ^ and X = 0, we have 



mh 

a 

< (mb~a)(-] "xif—^ IfUaM^ + mf- ^ rll/'WrV 

Theorem 3. Let / : / C [0, oo) — R &e a differ entiahle mapping on 1° such that 
f G L[a, b], where a, & G /° with a < b and A, G [0, 1]. // |/'|' is (a, m) — convex 
on [a, 6], /or (a, m) G (0, 1]^, m6 > a, g > 1, t/ien f/ie following inequality holds: 
(2.8) 

A i^ifia) + (1 - /i) + (1 - A) /(/ia + rn (1 - /i) 6) - f f{x)dx 



< (mb — a) 



p+1 



, A (1 - ^) < ^ < 1 - A^i 
, < A(l - Ai) < 1 - A/i 
, A (1 — /i) < 1 — A/i < /i 



where 



A = /X X min ■ 



If i^ia + m{l- ^i)b)\'' + am \f' (6)1" I/' + "™ 



/ / fia-\-rn{l—fi)b 



B = {1 — /i)xmiii ■ 



I/' (Aia + m (1 - /.) 6)1" + am \f (^) |" I/' Wl' 



am 



/' 



fia-\-'m(l — fi)b 



a + 1 



^1 = [A (1 - + [m - A (1 - Ai)]^+' , = [A (1 - fi)r+' -[xil-^i)~ tir+' 

^3 = [1 - Am - + [Am]^+' , 1^4 = [Am]P+' - - 1 + Am]^+' , 



and - + - = 1. 

p q 
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Proof. From Lemma [1] and by Holder's integral inequality, we have 

A (/i/(a) + (1 - Ai) f{mb)) + (1 - A) f{fia + m (1 - 6) - 



mb 



1 



mb — a 



f{x)dx 



< {mb — a) 



J \-t + X{l-^^)\\f' ita + m{l^t)b)\ 



dt 



+ / \-t+{l-aX)\ I/' [ta + m{l - t)b)\dt 



< {mb-a){\ \-t + \{l~^i)fdt\ \ \f'{ta + m{l-t)b)\''dt 



(2.9)+ \-t+{l-\^i)\''dt\ \fita + m{l~t)b)\Ut 



Since \f'\'^ is (a, m)— convex on [a, 6], for (a,m) € (0,1]" and /i G (0,1] by the 
inequality (|1.2I) . we get 



(2.10) / I/' {ta + m(l - t)b)\'^ dt = ^i 



fi X mm ■ 



mb 



1 



/i {mb — a) 



\r {x)\Ux 



lj,a-\-7n(l — fj..)b 



< 



If {fia + m (1 - /i) 6)1' + am \f (6)|« I/' M)!" + |/' ( 



/j.a+m(l — 



a + l 



a + 1 



The inequality (|2.10p holds for — Q too. Similarly, for /i G [0, 1) by the inequality 

(|1.2p . we have 

(2.11) 



I/' (ta + m(l-i)6)|'^dt= (1-m) 



1 



fia-\-m{l — fj,)b 



f {^)\'dx 



(1 — fi) {mh — a) 

a 

|/'(Ata + m(l -^)6)|' + am|/'(^)|' \f {a)\'^ + am /' ( 



< 



/iaH-m(l— 



(1 - Ai)xmin ■ , 

' a+l a+l 

The inequality (|2.10p holds for /i = 1 too. By simple computation 

[K^-^^)V''+[^-Ki-,)V^\ A(1-m)<M 

-, \{l~^l)>^l 



(2.12) / |-i + A(l-^)rd< 



p+1 

--fA( 

p+1 



and 



± 

(2.13) y" |-t + (1 - AM)rdt = 



[1-Aa.-a>]''+^ + [Aa.]''+^ 

p+1 ■ 
P+i ■ 



/i < 1 — A/i 
/i > 1 — A/i 
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thus, using ([2TT0|) - ([2TT3l) in (|2?9|) . we obtain the inequahty ([2^ . This completes 

the proof. □ 

Corollary 5. Under the assumptions of Theorem[B with — \ and X = ^, we 

have 



/(«)+4/(^^)+/(™6) 



mb 



1 



mb — a 



where 



Ai = min • 



f{x)dx 

',u — a J 

a 

12 ;v3(p + i); v^^'^'V' 

/' (^)l' + am \f (6)|« I/' (m6)|« + am |/' (^) T ' 



a + 1 



a + 1 



and 



Bi = min ■ 



/' r + If (^) r I/' + I/' (^) ' 



a + 1 



a + 1 



Remark 3. In Corollary\^ if we take a — m ~ 1, then we obtain the following 
inequality 



/(«)+4/(^)+m 



1 



b — a 



f{x)dx 



< 



b-a\ /1 + 2P+1 



12 ; \3{p+l) 



i/'(^)r+i/'(«)rv , ^i/'(^)r+i/'wi'V 



which is the same of the inequality in [S,, Corohary 3] 

Corollary 6. Under the assumptions of Theorem[3[ with fJ- — ^ and X — 1, we have 

mb 

f{x)dx 



f{a) + f{mb) 1 



< 



2 mb — a 

fmb-a\f 1 Vf^^B^ 



\ 4 J \p+l^ 

Corollary 7. Under the assumptions of Theorem[3[ with IJ- — \ and X ~ Q, we have 

mb 



10 
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Theorem 4. Let f : I ^ [0,oo)— >M be a differ entiahle mapping on 1° such that 
f G L[a,h\, where a,h E 1° with a <b and A,/i G [0,1]. // |/'|' is {a, m) — convex 
on [a, b], for {a, m) G (0, 1] , mb > a, q > 1, then the following inequality holds: 

mb 

1 



(2.14)A ififia) + (1 - A*) fimb)) + (1 - A) f{fia + m{l-^^)b)^ 



< {mb — a) 



p+1 



44+44 



mb — a 

A (1 - m) < < 1 - A/Lt 
/i<A(l — /i)<l — A/i , 
A (1 - m) < 1 - A/i < A* 



f{x)dx 



where 



If (a)r + m [m (g + 1) - If 
a + 1 



and 



B2 



(1 - Ai"+i) I/' (a)l' + m [(^."+1 - 1) + (1 - m) (a + 1)] |/' (6)1^ 



a + 1 



Proof. From Lemma [T] and by Holder's integral inequality, we have the inequality 
(j2.9p . Since Since |/'|' is (a, to)— convex on [a, 6], we know that for i G [0, 1 — a] 
and t G [1 — a, 1] 

I/' (ia + to(1 - t)b)\' < I/' (a)r + m(l - i") |/' (6)1" • 

Hence 

mb 



A (/i/(a) + (1 - /i) /(to6)) + (1 - A) /(/ia + to (1 - ^i) 6) 



< {mb~a){\ \-t + X{l- ^i)fdt 



1 



mb — a 



f{x)dx 



p / 1 



+ / \-t + {1 - a\)\^ dt 



r|/'(a)r + TO(l-i")|/'(5)r]rft 

ri/'(a)r+TO(i-r)i/'(6)r]di 

\f' (a)r + m [m (g + 1) - [f (b)|" \ ^ 

a + 1 y 

(1 - If + m - 1) + (1 - m) (g + 1)] \r [b^ ^ 

a + 1 J 



thus, using p.l2p . (|2.13p in (|2.15p . we obtain the inequality (|2.14p . This completes 
the proof. □ 



< {mb-a){ \ I \-t + X{l- dt 
(2.15) 

+ I / \-t + [l - a\)\'' dt 
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Corollary 8. Let the assumptions of Theorem^hold. Then for /i = ^ and A = ^, 
from the inequality {2.14-^ we get the following Simpson type inequality 



f{o)+^f 



a + mh 



nib 



< 



mb-a\ + 



f{mb) 



1 



mb — a 



f{x)dx 



where 



and 



12 J \3{p+l) J V2"(a + 1) 

A3 = |/' (a)r + mr (a + l)-l]|/'(fe)r 
- (2"+i - 1) I/' (a)]" + m [2" (a + 1) + 1 - 2"+i] \f (b)]" . 



Corollary 9. Let the assumptions of Theorem^hold. Then for t'- — \ ^"^d A = 1, 
from the inequality {2.1^^ we get the following Simpson type inequality 



f{a) + f{mb) 



mb 



mb 



< 



f mb — a 



1 



f{x)dx 



1 



ip+l)J V2"(a + 1) 



Corollary 10. In Corollary\^ if we take a — 1 we obtain the following inequality 

mb 

f{x)dx 



f{a) + f{mb) 



1 



mb 



< {mb — a) 



1 



p+1 



(I/' (a)r + 3m I/' ' + (3 |/' (a)!' + m \f' (5)1^) ' 



(2.16) 



< (m6 - a) ( - 



(I/' + 3m I/' (6)r) ' + (3 |/' (a)|« + m |/' (fe)|«) ' 



where we have used the fact that 1/2 < (l/(p+l))^^^ < 1. FFe note that the 
inequality 12. 1 6\) is the same of the inequality in [H Corollary 2.7 (i)]. 

Corollary 11. Under the assumptions of Theorem^ with /i = ^ and X = 0, we 

have 



a + mb 



mb 



1 

mb ~ a 



f{x)dx 



12 
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